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e \What are types?
- Sets of values which share applicable operations

» We’'ve looked at some basic types, such as Int, Bool
Int Bool

True

False

» and one type operator, ->:

Int -> Bool

even
odd
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e How can we define own types from scratch?
e \Vhat about other type (set) operators?
- product of sets: Ax B

- union of sets: Au B

- power sets: P(A)

e How does it work in different programming languages?

e [hree main ways:
- machine oriented (i.e., close to the actual representation)
- Object/data oriented

- operation (functionality) centred
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e Enumeration types:
- a new type with a finite number of elements

e Example: defining a new type to model colours

Colour

Green

Red
Blue
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e Many languages offer enumeration types as syntactic sugar over existing types
(with various levels of static checks, different operations allowed):

typedef enum {Red = 1, Green = 2, Blue = 3} colour;

o C#

‘ enum Colour : byte {Red, Green, Blue};
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¢ |n functional languages, like Haskell, it’s a regular algebraic data type, with
pattern matching (other operations possible by deriving type class
membership)

e Haskell

data Colour = Red | Green | Blue

deriving (Eq)

e Rust also allows pattern matching, choice of representation type, and
associated methods

‘ enum Colour { Red(i32),Green(132),Blue(i23)};
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¢ Defining a new type by combining values of existing types:

Bool

True

False

Int x Bool

(1, True)

(2, False)

* Utrecht University



e Structs in C:;

struct point {
float x;
float vy;

+;

struct point middlePoint (
struct point pl,
struct point p2) {
struct point mid;
mid.x = (pl.x + p2.x)/2.0;
mid.y = (pl.y + p2.y)/2.0;
return mid;
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e In C#

public struct Point {
public float X {get; set;}
public float Y {get; set;}

public Point(float x, float y) {
X = x;
Y =y,
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¢ |n Java

- using degenerate classes in Java:

class Point {
public float x;
public float vy;

};

Point middlePoint (Point pl, Point p2) {
Point mid;
mid.x = (pl.x + p2.x)/2.0;
mid.y = (pl.y + p2.y)/2.0;
return mid;

¥
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¢ |n Haskell:

- using simple pairs (tuples are built-in type constructors):

type Point = (Float, Float) - not necessary to define a type synonym

middlePoint:: Point -> Point -> Point
middlePoint (x1, y1) (x2, y2) =
((x1+x2)/2, (y1+y2)/2)

middlePoint’ pl p2 =
((fst pl + fst p2)/2, (snd pl + snd p2)/2)

- using algebraic data types (with unnamed and named fields):

data Point = Point Float Float

middlePoint (Point x1 y1) (Point x2 y2) =
Point ((x1+x2)/2) ((yl+y2)/2)

data Point = Point {x:: Float, y:: Float}

middlePoint (Point x1 y1) (Point x2 y2) =
Point ((x1+x2)/2) ((y1l+y2)/2)

middlePoint’ pl p2 = Point { x = (x p1l + x p2)/2
y = (x p2 + y p2)/2}
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e Composite types that offer alternatives of existing types

Bool
True
3 False
Int U Bool
we need to
2 ‘Label’ the values for
type safety

13
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e Composite types that offer alternatives of existing types

Bool

True
False

Int U Bool

we need to
True 2 ‘Label’ the values for
type safety
>3 - False
4
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e Alternatives with varying component types in C:

union {
int 1;

} unsafe;

unsafe.f

float f;

1.23456;

printf (‘‘the value is: %d’’, unsafe.i);

the value 1is:

1067320848
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e Alternatives with varying component types in C:

16

typedef enum {I, F} valueTag;

typedef struct {
valueTag tag;
union {
int intLit;
float floatlLit; } val;
} value_t;

value_t * val;

switch (val->tag) {
case [: .. val->IntLit..
case F: .. val->floatLit..

C makes things
explicit which wmore
abstract lLanguages

hawndle for You
behind the scenes

more control for the
programmmer
but also
more ways to introduce
bugs/undefined behaviowr
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¢ |n Haskell

data Value

= [ Integer
| B Bool

Value

(I 2)
(B True)

(I 3) (B False)

(I 4)
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e Alternatives with varying component types in object oriented languages:

public abstract class Value {
private.Value() {}

+

public class I: Value {
public int V;
public I(int v) {V = v;}
+

public class B: Value {
public bool V;
public B(bool v) {V = v;}
+
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e Often, structured collections are needed

- lists, trees, ...

- mappings from a key to a value
> arrays
» vectors
» tables

e [or lists and trees and such, we need a way to express recursion on the type
level

19
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e Abstract view on a list of integers

e an empty list is a list

e if xis an integer, and xs a list of integers, then we can build a list with the
head x and the tail xs

e C
- space for recursive structures cannot be allocated statically

- necessary to store the address of the (possibly empty) tail of a list

typedef struct list_node {
int elem;
struct list_node * next;
} int_list_t;
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o C#

class ListNode {
int data;
ListNode next;
public ListNode(int d) {
data = d;
next = null;

1}

e |[n Haskell (again, via algebraic data types)

data IntList
= TCons Int IntList
| Nil
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e |n an OO approach, we associate the operations directly with the new type
- class declaration contains the methods
- easy to extend the type by adding new subclasses
- cumbersome to add new methods - we have to change each subclass

e [n a functional approach, the operations can be defined anywhere (if the
constructors are exported)

- easy to add new functionality - just add the function anywhere in the
program

- cumbersome to add new variants - we have add a case to each function
definition

22
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e Ve add algebraic data types to MinHs
- product types
- sum types
- recursive types
® No support for letting the user give new names to types

- could be easily added
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e Algebraic data types (ADTs) in combination with pattern matching are a
convenient way to construct and decompose composite types

- traditionally, used in functional languages (Haskell, ML, ...)
- also part now of many modern languages: Scala, Swift, Rust, C#

e Matching on simple constants:

24
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e Products aka pairs in MinHs
- minimal extension, only restricted case-pattern matching
- NO type declaration
- No named fields

- only pairs (ey, ez) and
- nullary tuples/unit ()

e New MinHs types:

- Unit: singleton type with element ()
- T1 * T2 binary product type with element type z;and z2

e Operations on these types:

- fst and snd to extract the first/second component
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e Constructors

(er, ez) (Pair e; e2)

0 O

e Destructors

fst e (Fst e)
snd e (Snd e)
® Jypes
T * T2 T1* T2
Unit Unit

26
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e Example:
recfun div :: ((Int % Int) —> Int) args =
if (fst args < snd args)
then 0@
else 1+ div (fst args - snd args, snd args)

¢ Side note:

- what is the difference between these two (Haskell) functions:

averagel :: (Float, Float) —> Float
averagel (x, y) = (x+y)/2

average2 :: Float —> Float —> Float
average2 x y = (x+y)/2

27

# Utrecht University



e Typing rules:

I'- e; : 74 I'' - es: T2

I' = (Pair e; e2) : 71+ 7o

' e: ;% 79 ' e: 7:% 79
I'— (Fst e) : 7y

I' (Snd e) : 7o

' (): Unit

28
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e Evaluation rules (M-machine)

- we add (Pair wv; v2) and () to the set of values/final states

e; Py eg’ €s P €27
(Pair e; e2) by (Pair e;’ e») (Pair vy es) vy (Pair vy e2’)
e »y e’ e Py e’
(Fst e) py (Fst e’) (Snd e) pjy; (Snd e’)
(Fst (Pair vy w2)) Py v (Snd(Pair vy w2)) P Vo

29
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e Sum-types to express alternatives in MinHs
- We uSe binary sums:

» T+7T2: either T; or T2 (products: both 7y and 2

- N-ary sums can be expressed by nesting

- similarities to the Haskell type Either:

data Either a b = Left a
L | Right b

30

# Utrecht University



® Jypes

T + T2 Ty + T2

e Constructors

Inl e (Inl z; 7o e)
Inr e (Inr 7; 7o €)

e Destructors (a very restricted form of pattern matching):
case e of (Case 7; 72 e (x.e;) (y.e2))

Inl = -> ey

Inr y -> ez

31
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¢ [yping rules:

I'+ e;: T4

I' (Inl 77y 72 €1) : T:1+ T2

I''- es: 7o
I' (Inl 77 72 €2) : T1 + T2

I'Fe:rmi+ 72 Tu{z: tipbent  Tu{y: we} - ez

I' - (Case 77 72 e (x.e;) (y.e2)): T

32
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e Evaluation rules (M-machine), omitting the types for brevity

- we add (Inl v) and (Inr v) to the set of final states/values

e P,y e’ e Py e’
(Inl e) pur (Inl e’) (Inr e) Py (Inr e’)

e p»Py e’

(Case e (x.e;) (y.ez)) v»y (Case e’ (x.er) (y.ez))

Case(Inl v) (x.ey)(y.ez2) vy e;|x=v]

Case(Inr v) (x.e;) (y.ez2) vy e;|y:=v]
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e \What about the list type?

data IntList = Nil | ICons Int IntList

' ' we need a way to recursively refer
Yo L to a type!

Rec t.‘Unit + (Int * t )

we use notatiow like in higher-oroder ‘o ’
abstract sywntax to express Samm=
34 that t’ ts bound
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® [ypes

Rec t . T (Rec (t.7))

e Constructor

Roll e (Roll e)

e Destructor

unroll e (Unroll e)

35
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e | ist of integer values:

- Type
‘ Rec List. (Unit + (Int * List)) \
- Terms
Roll (Inl Q)) []
Roll(Inr (1, (Roll (Inl O)))) [1]
Roll (Inr (1, Roll(Inr (2, (Roll (Inl ()))))) [1,2]
O Unit
Inl () :: Unit + (Int * Rec List. (Unit + (Int * List)))

Roll (Inl ()) :: Rec List. (Unit + (Int * List))

Inl () = unroll (Roll (Inl ()) :: Unit + (Int * (Rec List. (Unit + (Int * List)))

# Utrecht University
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recfun head

((Rec L = Unit + (Int x L)) — Int) xs
= case unroll xs of

Inl unit —> 0

Inr cons —> fst cons

recfun tail
::((Rec L = Unit + (Int x L)) — (Rec L = Unit + (Int % L))) xs
= case unroll xs of
Inl unit —> Roll (Inl ())
Inr cons —> snd cons

37
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¢ Typing rules:

I'-e: 7 [t:= Rec(t. )]
I' - (Roll e) : Rec(t.T)

I'- e : Rec(t.7)
I' - (Unroll e): [t := Rec(t.7)]

38
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e Evaluation rules (M-machine)

- we add (Roll v) to the set of values/final states

’
()
é M € e P 6’

(Roll e) mar (Roll e) (Unroll e) »u (Unroll e?)

(Unroll (Roll v)) ey v
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e \Vith our new algebraic data types, we added terms of the form

- (Pair wv; v2), (Inl v), (Inr v), (Roll wv)

to the set of final states F, if v, vi € F, resulting in a strict interpretation

e | azy interpretation: final states can have the form

- (Pair e; e2), (Inl e), (Inr e), (Roll e)
for e,e; € S (any legal state)

Terms of this form are also said to be in Weak Head Normal Form (WHNF)

40
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e Evaluation rules (M-machine), lazy

- no rule for terms of the form (Pair e; e-)

e Py e’ e Py e’
(Fst e) w»y (Fst e) (Snd e) pjy; (Snd e’)
(Fst (Pair e; es)) vy ey (Snd(Pair e; e2)) Py eo
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e Evaluation rules (M-machine), lazy sum types

Case(Inl e) (x.ey)(y.ez2) vy e;|x=e]

Case(Inr e) (x.e;)(y.ez2) v,y es|y:=e]

e py e’

(Case e (x.e;) (y.ez)) py (Case e’ (x.er) (y.e2))

42
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e Evaluation rules (M-machine), lazy

(Unroll (Roll e)) e,y e

e Py e’

(Unroll e) v,y (Unroll e’)

43
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* Type correspondence: which MinHs type corresponds to the following Haskell

data Colour = Red | Green | Blue

® Colour is isomorphic to
- Unit + (Unit + Unit) and also to stnnce all three tg‘PBS have

exaatLg three elements
- (Unit + Unit) + Unit

¢ \\Ve cannot define the same type, but we can define an isomorphic type in MinHs

- atype r;is isomorphic to a type z iff there exists a bijection between z; and =

e Recursive types:

data Tree = Node Int Tree Tree | Leaf

- Rec tree . ((Int, (tree, tree)) + Unit)
44
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¢ |n actual programming languages, we want to have named user defined types
which are distinguished by the type checker:

data Direction = North South East West

Red Black Blue Yellow

data Colour

Vector Float Float

data Vector

data Point Point Float Float

45
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* Type generic programming exploits the fact that all compound types are built from
unit, products, sums, and recursion

- think about writing a show function that works on any user-defined type in
Haskell

- covered in more detail in Advanced Functional Programming course
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