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What's wrong with this program?

e Some C++ code

new int[100];
0; i < 100; i++) {
1 * 1;

int *array

for (int 1
arrayl[i]

}

delete[] array;

printf("%sd\n", array[99]);
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What's wrong with this program?

e Some C++ code

new int[100];
0; i < 100; i++) {
1 * 1;

int *array
for (int 1

array[1i]
}

printf("%sd\n", array[99]);
delete[] array;
delete[] array;
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What's wrong with this program?

e Some C code

FILE *f = fopen("input.txt", "r");
int a;

fscanf(f, "%d", &a);

fclose(f);

int b;

fscanf(f, "%d", &b):
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What's wrong with this program?

« Some Haskell code

main :: I0 ()
main = do
f <- openFile "input.txt" ReadMode
linel <- hGetLine f
hClose f
line2 <- hGetLine f
putStrLn linel
putStrLn line2

5/45



What's wrong with this program?

e Some C++ code

int *array = new int[100];

std::thread thl = std::thread{[=]() {
array[10] = 42;
printf("%sd\n", array[10]);

I3

std::thread th2 = std::thread{[=]() {
array[10] = 100;
printf("%sd\n", array[10]);

I3

thl.join();

th2.join();

6/45
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Tracking resources using types

Prevent use-after-free (memory) & use-after-close (resources)
- Alternative: tracing garbage collection — unpredictable overhead

- Alternative: reference counting — cannot deal with cycles

Allow mutable state (to go fast)

- Alternative: state monad - no actual mutation + no parallel state
access

Prevent unsafe concurrent access to mutable state

- Alternative: immutability + message passing — not fast

Downside: we're proving resource-correctness to the compiler

T
stupid
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Implementations of linear-like types

* Rust (affine types + ownership types)

* Haskell (linear types for resources - since GHC 9)

* Clean (uniqueness types for |0, safe array updates)

* Futhark (uniqueness types for safe array updates and parallelism)
* |dris (uniqueness types / linear types for resources)

e ...and some more

9/45



A toy linear language
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A toy linear language

Inspired by Philip Wadler’s
Linear types can change the world

10/45



Syntax (no linearity yet)

Language: some data type declarations, then an expression

Data type declaration:

" egdataK=CGTT.T]| .| CGTT. T(withTalready-
defined types)

Types:KorT -> T

Expressions:

- X

- (recfun f : (T ->T) x = e)
- (e e)

- (Cee.e)

- (case e of C x1 .. xn -> e

élkl . XN -> e)

11745
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Syntax (no linearity yet)

Language: some data type declarations, then an expression

Data type declaration:

" egdataK=CGTT.T]| .| CGTT. T(withTalready-
defined types)

No polymorphism! Let’s keep it simple.

Types:KorT -> T

Expressions:

- X
A : T) -

- (recfun f : (T ->T) x = e) _fx ) > e

- (e e) recfun : (T ->U) x = e

- (Cee .. e) :
let X = e; 1n e;

- (case e of C x1 .. xn -> e -
(AM(x : T) -> e) e

élkl . XN -> e)

11745



Syntax (no linearity yet)

data Bool = True | False

data Nat = Z | S Nat

data Thing = A Bool | B Nat

data List = Nil | Cons Thing List

let length = recfun length : (List -> Nat) 1
case L of
Nil -> Z
Cons x 1’ -> S (length 1’)
in length (Cons (A True) (Cons (B (S Z)) Nil))

12745



Syntax (no linearity yet)

data Bool = True | False

data Nat = Z | S Nat

data Thing = A Bool | B Nat

data List = Nil | Cons Thing List

let length = recfun length : (List -> Nat) 1
case L of
Nil -> Z
Cons x 1’ -> S (length 1’)
in length (Cons (A True) (Cons (B (S Z)) Nil))

- S (S 2)

12745



Normal typing rules

Var

Az :TrFax:T
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Normal typing rules

Var

Ax:TrFax:T

A f:T—-Ux:Tke:U
AF (recfun f: (T - U)zxz=¢e): T - U

Recfun (f,x ¢ A)

Al—elzT—>U A|_62:T

A
Al—(el €2>ZU PP
[daxa‘P(:: | CTy o Ty |...]
Al—elle Al—ek:Tk
Con
AI—(Cel ek):K
[dataK:Cl Tyq oo Tigy |- Cn Tha - kan]

A,azl,l . T1,17 ey L1k - Tl,k1 = €1 - U

Ate: K Ajxnt :Tha,.. s Znk, Ink, Fen: U
Al (caseeof {Cy x11 ... x1, €1 |- |Cnh Tpn1 .. Tk, — €n})

T Case (z;,; ¢ A)
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Examples

data Nat = Z | S Nat
data List = Nil | Cons Nat List
data Pair = Pair Nat Nat

Al(x : Nat) -> x
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Examples

data Nat = Z | S Nat
data List = Nil | Cons Nat List
data Pair = Pair Nat Nat

A(Xx : Nat) -> X recfun id : (Nat -> Nat) x = X
A(x : Nat) -> A(y : Nat) -> Pair x vy recfun pair : (Nat -> Nat -> Nat) x =
recfun _ : (Nat -> Nat) y =
Pair x vy

recfun add : (Nat -> Nat -> Nat) m =
A(n : Nat) -> case m of Z -> n
Sm’ ->S (add m’ n)

recfun length : (List -> Nat) 1l = case 1 of Nil -> Z
Cons n 1’ -> S (length 1’)

recfun sum : (List -> Nat) 1 = case 1l of Nil -> Z
Cons n 1" -> add n (sum 1)

14 /745



What's wrong with this program?

e Some C++ code

new int[100];
0; i < 100; i++) {
1 * 1;

int *array

for (int 1
arrayl[i]

}

delete[] array;

printf("%sd\n", array[99]);
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ldea

* Add a new category of types:

- Types whose values must be used exactly once
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ldea

* Add a new category of types:

- Types whose values must be used exactly once

* Arrays:
- new : Int - a - Array a
- set : Int - a - Array a - Array a
- get : Int - Array a -» (a, Array a)
- free : Array a - ()

* Files:
- open : FileMode - FilePath - File
- putchar : Char - File - File
- getchar : File - (Char, File)
- close : File - ()
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Additional syntax

Language: some data type declarations, then an expression

Data type declaration:

~ e.g.dataK=C TT..T|...|CGTT... T (with T already defined
nonlinear types)
e.g.data iK=iCTT...T|...]iCGTT... T

Types:KoriKorT -= TorT i->T

Expressions:

recfun f : (T ->T) x = e)

Cee. e)

X
(

- (e e)
(
(case e of C X3 .. Xp -> €

C xl w Xn -> e)

17745



inclamation

noun
1. Exclamation.

Similar: exclamation

The GNU version of the Collaborative International Dictionary of English « More at Wordnik

18745



Additional syntax

Language: some data type declarations, then an expression

Data type declaration:

~ e.g.dataK=C TT..T|...|CGTT... T (with T already defined
nonlinear types)
e.g.data iK=iCTT...T|...]iCGTT... T

Types:KoriKorT -= TorT i->T

Expressions:

recfun f : (T ->T) x = e)

Cee. e)

X
(

- (e e)
(
(case e of C X3 .. Xp -> €

C xl w Xn -> e)
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Ad d |t| O n a | Syntax * Linear data types can contain anything

(including nonlinear types)
* Nonlinear data types can only contain
nonlinear types

nonlinear
e.g.data iK=iCTT...T|...]iCGTT... T
* or iK orT i->T
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Ad d |t| O n a | Syntax * Linear data types can contain anything

(including nonlinear types)
* Nonlinear data types can only contain
nonlinear types

nonlinear
e.g.data iK=iCTT...T|...]iCGTT... T

or iK orT i-> T Linear values must be used exactly
. once.

- The “linear types” are iKand T i-> T
- - (iIAM(x : T) ->e) : T i->T
- - (ie e)

- - (iCe e . e)

(case e of iC X3 .. Xp -> €

iC X1 w Xn -> €)

19745



Examples

data Nat = Z | S Nat
data iNat = iZ | iS iNat
data iPair = iPair iNat iNat

A(n : Nat) ->n
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Examples
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Examples

data Nat = Z | S Nat
data iNat = iZ | iS iNat
data iPair = iPair iNat iNat

A(n : Nat) ->n

A(n : iNat) -> n /
A(n : iNat) -> iPair n n X
A(n : iNat) -> Z X
iA(n : Nat) ->n /

data iList = iNil | iCons Nat iList

recfun length : (iList -> Nat) 1 = case 1 of iNil -> Z
iCons x 1' -> S (length 1')
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Examples

data Nat = Z | S Nat
data iNat = iZ | iS iNat
data iPair = iPair iNat iNat

A(n : Nat) ->n

A(n : iNat) ->n v4
A(n : iNat) -> iPair n n X
A(n : iNat) -> Z X
iA(n : Nat) -> n ’

data iList = iNil | iCons Nat iList
recfun length : (iList -> Nat) 1 = case 1 of iNil -> Z
iCons x 1' -> S (length 1')

data iList2 = iNil2 | iCons2 iNat iList2
recfun length2 : (iList2 -> Nat) 1l =
case L of iNil2 -> Z
iCons2 x 1' -> S (length2 1')
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Example: append

data Nat = Z | S Nat
data List = Nil | Cons Nat List

recfun append : (List -> List -> List) 11 =
A(1l2 : List) ->
case L1 of Nil -> 12
Cons x 11’ -> Cons x (append 11" 12)

21745



Example: append

data Nat = Z | S Nat
data List = Nil | Cons Nat List
data iList = iNil | iCons Nat iList

recfun append : (List -> List -> List) 11 =
A(1l2 : List) ->
case L1 of Nil -> 12
Cons x 11’ -> Cons x (append 11" 12)

recfun appendLin : (iList -> iList -> ilList) 11 =
A(l2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (appendLin 11’ 12)

21745



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> iList -> iList) 11 =
A(L2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (appendLin 11" 12)

22 /45



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> iList -> iList) 11 =
A(L2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (appendLin 11" 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11
in g (appLl 12) (appLl 13)

22 /45



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> iList -> iList) 11 =
A(l2 : iList) ->

case 11 of iNil -> 12
iCons x 11’ -> iCons x (appendLin 11" 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11 <::::)

in g (appLl 12) (appLl 13)

22 /45



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> (iList §i-> iList)) 11 =
IA(l2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (append 11’ 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11
in g (appLl 12) (appLl 13)

23 /45



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> (iList §i-> iList)) 11 =
IA(l2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (append 11’ 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11
in g (appLl 12) (appLl 13)
T Error: appL1 is a linear value and cannot be used multiple times

23 /45



Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> (iList §i-> iList)) 11 =
IA(l2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (append 11’ 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11 <:::>
in g (appLl 12) (appLl 13)

T Error: appL1 is a linear value and cannot be used multiple times
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Examples

data iNat = iZ | iS iNat
data iPair = iPair iNat iNat

recfun add : (iNat -> (iNat i-> iNat)) m =
iA(n : iNat) -> case m of iZ -> n
iSm’” ->iS (add m’ n)

data iList2 = iNil2 | iCons2 iNat iList2
recfun sum : (iList2 -> iNat) 1l =
case L of iNil2 -> Z
iCons2 n 1’ -> add n (sum 1)
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Typing rules for linearity
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Making copy/kill explicit

A,x:TI-x:Tvar
d
ac:T}—:C:Tvar

Ajx:T,x:Tkre:U
Ax:Tre: U

Copy (nonlinear T')

Abe: U
Ax:Tke: U

Kill (nonlinear T

26 /45



Making copy/kill explicit

A f:T—-Uux:Tkre:U
AF(recfun f: (T'—»U)z=¢e): T —=U

Recfun (f,x ¢ A)

1

A f T —-Uux:Tkre:U
AF(recfun f: (T' - U)z=¢e): T = U

Recfun (f,z ¢ A, nonlinear A)
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Making copy/kill explicit

Al‘@llT—>U A}_GQ:T

A
Al (e1e3): U PP

d

A|_€12T—>U B|_62:T

A
A, Bt (ege3): U PP

Assuming the environment is an unordered list
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Making copy/kill explicit

[dataK:---|CT1__,Tk‘...]
Abe 17 -+ Abey: T}

Con

AF(Cep ... ex): K
i)

[dataK:---|OT1,,,Tk‘...]
AvlFe Ty - Apteg: Ty

Con

Ay, .. AL E(Cep o..ep) K

Assuming the environment is an unordered list
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Making copy/kill explicit

[data K =Cy Thy ... Togy |- | Cn Tpn oo Tog,]
A,$1,1 . Tl,la “ e 7331,.’41 . Tl,kl = €1 - U

AlFe: K Ayxng T, Tpk, *Ink, Fen: U
Case (z;; ¢ A)
Al (caseeof {Cy 211 ... 14, > e1 | |Cph Tpny . Tpg, —€n}): U ’
1
[data K = Cl Tl,l Tl,lcl ‘ ’ Gn Tn,l Tn,kn]

B,a?l’l . T1’1, ey L1k - Tl,k1 - €1 - U

AFe: K Bixpni1:Thi1,o o Tnk, i Ink, en: U
A, BF(caseeof {C1 z11 ... v14y w €1 |- |CpTni .. Tnk, = en})

Case (z;; ¢ B)
U
Assuming the environment is an unordered list
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Nonlinear typing rules

x:Tl—x:Tvar

Ax:T,x:TkHax:T
Ax:TkFe:U

Copy (nonlinear 7")

AFe:U
Ajx:TrFe:U

Kill (nonlinear 7T")

A f:T —-U,x:Tke:U

Same result as the normal
typing rules

Explicit copy & kill
Requirement that certain
types are “nonlinear”

f A linear A
Al_(reCfunf:(T—)U)m:e):T_)URecun(fax¢ , nonlinear A)

Al—elzT—>U BI‘GQZT
: App
A,B}_ (61 62) : U
[dataK:---|CT1 Tk|]

AibFe Ty A Fep Ty
Con

Ap,.. JArFE (Cey ... er) K
[datachl T171 Tl,kl ||Cn Tn,l Tn,k"]

B,SULl ZT1,1, cee s Lk :T17k1 + (A U

AFe: K B,xp1:Tha, s Znk, i Ink, men:U

A,Bt (case e of {Cy z11 .

. $1,k1—)€1‘°"|0n Tnl ---

xnakn — en})

T Case (z;; ¢ B)
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plus: N - N — N,x: NF plusx x :
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Example

Var Var
plus: N - N —- NFplus: N— N — N r:NFx: N

App Var
plus: N >N — N,x: NEplusx: N — N r:NFx: N

plus: N - N —- N,z: N,z: NFplusx x: N

Copy
plus: N —-+ N —-> N,z: NFplusxx: N
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Linear typing rules

m:T}—x:Tvar

Az :T.x:Tke:U
Ax:Tkre: U

Copy (nonlinear T)

AtFe:U
Ajx:Tre: U

Kill (nonlinear 7')

These are still good!
(Which was the intent in the first place)
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Linear typing rules

A fT—-Uzxz:TkFe:U
AF (recfun f: (T = U)x=¢€): T - U

Recfun (f,z ¢ A, nonlinear A)

_|_

Ax:Tkre:U
AF(iINx:T)—e): Ti=U

LLam (f,z ¢ A)

34 /45



Linear typing rules

A"GliT—>U Bl‘GzIT
A,Bl_(61 62)ZU

App

_+_

Al e :Ti—=U Bltey: T

LA
A, Bt (ieg ea) : U PP
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Linear typing rules

[dataK:---|CT1 Tk‘]
Al ke T} A bFep: Ty
Al,...,Ak}—(Cel ek):K

_|_
[data iK = |[ICTy, ... T | -]
A1|_612T1 AkFGkZTk
Ay, AR FE(iIC e .. ep) K

Con

LCon

Nonlinear data type,
hence fields are also
nonlinear!

Linear data type, fields
might be linear.

36/45



Linear typing rules

[data K = Cl T171 1117]fl | | Cn Tn,l Tn,kn}
B,.Clil,l . lel, “e s 7561,/*61 . Tl,kl = e . U

AtFe: K Bixpi:Thi, Tk, t Dok, men:U
Case (z; ; ¢ B)
A,BF (caseeof {Ci z11 ... 214, €1 |- |Crnxpn1 .. Tpi, —ent): U ’
_I_
[data iIK =1Cy Tyq - Togy |-+ | iCn Tpa - Tk, ]

B,CBLl :Tl,ly"'vxl,kl 3T1,]€1 = €1 . U

Abe:iK Bixpi:Thi,o s Tuk, : Thk, Feqn: U
A Bt (caseeof {iCi x11 ... 214y, €1 |-+ |ICh Tp1 .. Tng, —> €nlt)

.7 LCase (z;; ¢ B)
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Full type system

Af:T—Uz:Tke:U

Vi Recf A li A
z:TFz:T o AF (recfun f: (T - U)z=¢e): T - U ecfun (f,z ¢ A, nonlinear 4)
A,x:T,:c:Tl—e:UC (nonli T) ArFe : T —>U B}—ez:TA
0 nonlinear
Az :Tke:U by A, Bt (e; e3): U bp
[data K =--- |CTy ... Ty | -]
AFe:U A1|_€12T1 Akl—ek:Tk
Kill li T C
Az TEe. y Kl (nonlinear 7) AL A F(Ce e K
[data K = Cl T1,1 Tl,kl | | Cn Tn71 kan]
B,Zli‘l,l ZT1,1,...,331,]€1 IT17k1 - €1 U
Al e K Bx,1:Th1,....%pk :Thir Fe,:U
Tn.1 & Tn kn kn T © Case (z;; ¢ B)
A, Bl (caseeof {Cy z11 ... 214, we1 |- |Cpxp1 .. Tk, > en}): U ’
Ax:TkFe:U Ate :Ti—=U BFey: T
LL A LA
Ao D oo . Tiou amhedd) A BF (i1 e2): U bp
[data iIK =---|[ICTy ... Tp, | -]
All—eltTl Akl—ek:Tk
- LCon
Ay, AE(IC e ... ep) K
[data IK =1Cy Tyq o Tigy |-+ | 1Cn Ty .. Tog,]
B,xl’l ZT1’1,... ,5131,k;1 :Tl’kl F €1 . U
AbFe:iK B,xp1:Tht, s Tnk, Ik, Fep: U

T LCase (z;; ¢ B)

A, Bt (caseeof {iCy 11 ... z14, €1 | |ICh 1 -.. Tng, — €n}) 38 /45



Example

set : I — F — iArray — iArray, arr : iArray - (iA(x : F) — set 2 x arr) : 7

A"GllT—>U B"QQZT

Var App

x:TrFx:T A, Bt (e e3):U ek 4:Int e 0.0 : Float

A,:B:T,x:Tl—e:UC (monli T) AkFe:U
Ax:TkFe:U ©by (Hontheat Ax:TrFe:U

Kill (nonlinear T')
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Example

N
set - set : I — F — iArray — iArray VAR e-2:1 UM App VAR
set - set 2 : F — iArray — iArray z:Fkax:F
: . App . VAR
set,x : FF set 2 x : iArray — iArray arr = arr : iArray App
set,arr,z : FF set 2 x arr : iArray
. — LLAM
set,arr = (iX(x : F) — set 2 x arr) : Fi— iArray
set : I — F — iArray — iArray, arr : iArray - (iA(x : F) — set 2 x arr) : 7
V AlFe :T - U B’_QQITA
ar PP
x:TrFx:T A, Bt (e e3):U ek 4:Int e 0.0 : Float
Ax:T x:Ttkre:U AkFe:U

Copy (nonlinear T') Kill (nonlinear T')

Ax:TkFe:U Ax:TrFe:U
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Example

Nuwm

- . VAR
set - set : I — F — iArray — iArray e-2:1 App VAR
set - set 2 : F — iArray — iArray z:Fkax:F
. - APP . VAR
set,x : FF set 2 x : iArray — iArray arr = arr : iArray
set,arr,z : FF set 2 x arr : iArray

App

set,arr = (iX(x : F) — set 2 x arr) : Fi— iArray LLaw
set : I — F — iArray — iArray, arr : iArray - (iA(x : F) — set 2 x arr) : 7
What if the lambda was a normal one?
AlFe :T - U BFey:T
Var App
x:TrFx:T A, Bt (e e3):U ek 4:Int e 0.0 : Float
Ajx:T,x:TkFe:U AtFe:U

’il, " ,xT - Z Copy (nonlinear T') Az Tel— T Kill (nonlinear T')
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Example: append

data Nat = Z | S Nat
data iList = iNil | iCons Nat iList

recfun appendLin : (ilList -> (iList i-> iList)) 11 =
iA(l2 : iList) ->
case 11 of iNil -> 12
iCons x 11’ -> iCons x (append 11’ 12)

let 11 = ... in let 12 = ... in let 13 = ... 1in
let appLl = appendLin 11 <:::>
in g (appLl 12) (appLl 13)

T Error: appL1 is a linear value and cannot be used multiple times
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Implementations

* Rust;

~ Additional rules for borrowing values
* Via explicit mutable and non-mutable references
* Lifetimes
~ "Ownership types”
* Haskell: retrofitted linear function types into the existing language

~ No i like in the example type system; instead: functions that use
their argument exactly once

- Took a lot of redesigns
* The toy language presented here: “uniqueness types”

~ https://github.com/tomsmeding/linlang
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Conclusions & take-aways
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Conclusions & take-aways

* Performance of mutable data structures in pure, functional
languages

- When doing updates, order of operations must be clear
* |0 monad (Haskell): sequentialise everything

* Linear types: local sequentialisation
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Conclusions & take-aways

* Main point of linear types: make duplicating and discarding values
explicit

* Then we can carefully decide where to allow and where to prohibit
* Can put nonlinear values inside a linear data structure
* Cannot put linear values inside a nonlinear data structure

- Otherwise we can duplicate/discard the linear values by passing
the containing data structure around!

* Examples:
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Conclusions & take-aways

* Main point of linear types: make duplicating and discarding values
explicit

* Then we can carefully decide where to allow and where to prohibit
* Can put nonlinear values inside a linear data structure
* Cannot put linear values inside a nonlinear data structure

- Otherwise we can duplicate/discard the linear values by passing
the containing data structure around!

* Examples:
- data iLinPair = iMkLinPair Int Float
—_ %H_W‘ — . H
- arr : iArray F (iAx -> set 3 x arr)

- arF——tArray+——(Ax———set-3—x—arr)
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Conclusions & take-aways

* The example type system was very carefully constructed to be correct
- No rule allowed accidental duplication of linear values

- We remembered to not put linear values inside a non-linear
container

* Designing a programming language is all about trade-offs:

- Efficiency / safety / convenience / simplicity
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